Necessary and su cient conditions for the existence of de Bruijn Tori (or Perfect Maps) with two by two windows over any alphabet are given. This is the rst two-dimensional window size for which the existence question has been completely answered for every alphabet. The techniques used to construct these arrays utilise existing results on Perfect Factors and Perfect Multi-Factors in one and two dimensions and involve new results on Perfect Factors with`puncturing capabilities'. Finally, the existence question for two-dimensional Perfect Factors is considered and is settled for two by two windows and alphabets of prime-power size.
Introduction
A 2-dimensional C-ary de Bruijn Torus (or Perfect Map) is a 2-dimensional periodic array with symbols drawn from an alphabet of size C having the property that every C-ary array of some xed size occurs exactly once as a subarray of the array. More precisely, in the notation of 10], an (R; S; u; v) CdBT is an R S periodic array with symbols drawn from a set of size C having the property that every possible u v array occurs exactly once as a periodic subarray of the array. The pair (u; v) is often called the window of the torus. A variety of notations have been introduced to describe these arrays; we use that of 10].
Perfect Factors are related objects which have proved useful in constructions for de Bruijn Tori: an (R; u; T) C -PF is a set of T = C u R C-ary, period R sequences in which every C-ary u-tuple occurs exactly once as a subsequence. The parameter u is often called the span of the sequences. Perfect Factors have been extensively studied in 5, 15, 16, 17, 18] . Both de Bruijn Tori and Perfect Factors are generalisations of the classical de Bruijn sequences 1, 4, 7, 8, 9] : a de Bruijn sequence is a Perfect Factor with T = 1, i.e. a (C u ; u; 1) C -PF, while de Bruijn Tori are two-dimensional analogues of de Bruijn sequences. We denote a C-ary span u de Bruijn sequence by (C u ; u) CdBS. It was proved in 4, 7, 9] that there exists a (C u ; u) C -dBS for all integers C 2 and u 1.
As noted in 2, 10, 20] there are many applications for such objects. In two dimensions, one can de ne an (R; S; u; v; T) C -PF as a set of T R S periodic arrays, with symbols drawn from a set of size C, having the property that every possible u v array occurs exactly once as a periodic subarray in precisely one of the arrays. Of course, an (R; S; u; v; 1) C -PF is simply an (R; S; u; v) C -dBT.
The following necessary conditions on the parameters of an (R; S; u; v) CdBT are easily established: Lemma 1 Suppose there exists an (R; S; u; v) C -dBT. Then i) RS = C uv , ii) R > u or R = u = 1, iii) S > v or S = v = 1.
It has been conjectured 20] that these conditions are in fact also su cient for the existence of de Bruijn Tori. This has been proved in a wide variety of cases and we outline the relevant results next. (In contrast, very little is known about the existence of two-dimensional Perfect Factors.)
Combining ideas from 5] and 6], the conditions of Lemma 1 were shown to be su cient for the existence of an (R; S; u; v) . This work was extended to alphabets of prime-power size in 20]. Square de Bruijn Tori (i.e. (R; R; u; u) C -dBT) were considered in 10], while some families of arrays with u = v = 2 were constructed in 11]. The existence question for de Bruijn Tori over general alphabets was studied in 11, 12, 18, 21] , and higher dimensional versions were considered in 13].
The main result of 21] is as follows. Suppose C has prime factorisation
By Lemma 1, RS = C uv and so any prime dividing R or S also divides C. We can therefore write Theorem 5 The necessary conditions of Lemma 1 are su cient for the existence of an (R; S; 2; 2) C -dBT.
Theorem 5 provides the rst instance where necessary and su cient conditions are known for the existence of de Bruijn Tori with a xed twodimensional window size over all alphabets.
Having solved the existence problem for de Bruijn Tori with 2 2 windows, we go on to investigate the analogous problem for (R; S; 2; 2; T) C -PFs in Section 6. We obtain a complete answer in the case where C is a primepower: De nition 7 15] Suppose m; n; C and u are positive integers which satisfy mjC u and C 2. An (R; u; T) C n] Perfect Multi-Factor, or simply a (R; u; T) C n]-PMF, is a set of T = C u =m C-ary sequences of period R = mn with the property that for every C-ary u-tuple and integer j with 0 j < n, occurs at a position z with z j (mod n) in one of the sequences.
Result 8 More generally, an m-ary sequence of period k whose 2-tuples within a period are distinct corresponds to a circuit of k distinct edges in K m . We de ne a k-puncture in K m to be such a circuit. We say that a periodic sequence = 0 ; 1 ; : : : whose 2-tuples within a period are distinct has a k-puncture at position z if z = z+k (and thus the periodic sequence z ; : : :; z+k 1 corresponds to a k-puncture in K m ). It is easy to see that if has such a puncture, then the terms z ; : : : ; z+k 1 can be removed from the sequence leaving a sequence 0 whose 2-tuples are still distinct, the 2-tuples removed being those which occur in the puncture. Naturally, we call the process of removing a k-puncture puncturing. As an example, a 1-puncture in is just the occurrence of 2 consecutive identical symbols in , and corresponds to a loop edge in K m . We also need to consider an operation on sequences that is a kind of inverse to puncturing. This process, which we call joining, is already wellknown 8]. Let C 1 be a circuit of k 1 distinct edges and C 2 a circuit of k 2 distinct edges in K m . Suppose that C i has edge set E i (i = 1; 2) and that E 1 and E 2 are disjoint. So C 1 and C 2 correspond to periodic sequences (1) and (2) which have disjoint sets of 2-tuples as their subsequences. If C 1 and C 2 have a vertex in common (i.e. (1) and (2) have a common term), then we say that C 1 and C 2 (and sequences (1), (2) is the vertex list of a circuit C of k 1 + k 2 distinct edges in K m whose edge set is E 1 E 2 . We say that C is obtained by joining C 1 and C 2 . The cycle C corresponds to a sequence which has period k 1 + k 2 , contains as subsequences exactly those 2-tuples occurring in (1) and (2) and has as a k i -puncture (i) (i = 1; 2). Now suppose we have a collection X of edge disjoint circuits in K m . We can de ne an (undirected) adjacency graph G(X) for these circuits using the de nition of adjacency for circuits given above. Suppose G(X) is a connected graph. Then repeatedly using the joining process described above on a spanning tree for G(X), we can join all the circuits in X to form a single circuit that covers exactly the same edges as were covered by the circuits in X.
Construction of Perfect Factors
In this subsection we will construct some classes of Perfect Factors with various puncturing properties. These are used in the proofs of Theorems 3 and 4. Our main tool will be our construction for PMFs in Lemma 9 and Result 10, below. For any sequence , we denote by ] x the concatenation of with itself x times. Proof: For m > n 2, the nite sequence = 0; 0; 1; 1; : : : ; n 1; n 1 corresponds to a path of distinct edges in K m . Let G denote the graph obtained from K m by removing these edges of from K m . It is easy to see that G is connected (for every vertex in G is joined to vertex m 1 by a pair of oppositely directed edges). Moreover, every vertex in G has in-degree and out-degree equal, except vertex 0, with in-degree m 1 and out-degree m 2 and vertex n 1, with in-degree m 2 and out-degree m 1. So G has an Eulerian trail beginning at vertex n 1 and ending at vertex 0. Concatenating and results in an Eulerian circuit of K m . The corresponding de Bruijn sequence has 1-punctures at positions 0; 2; : : : ; 2n 2.
We de ne z j = 2j, 0 j n 1 and z n = m Proof: By considering paths in K n it is easy to see that, for n 3, there exists an n-ary span 2 de Bruijn sequence that begins 0; 1; 0, i.e. has a 2-puncture at position 0. We de ne z 0 = 0; z 1 = 2 and z 2 = n 2 . Using Lemma 9, we can construct an (n 
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It follows from Lemma 15 that if k and 0 ] R are placed side-by-side, then every 2-tuple that appears in occurs alongside every 2-tuple that appears in 0 exactly once. We say that k and 0 ] R are coprime.
We can now sketch the idea behind our novel construction method for (m appears as a pair of consecutive columns in the array. Such pairings ensure that all the 2 2 subarrays whose rst column comes from (i) and whose second column comes from (j) appear in the array. Because the (i) form a PF and we have pairings for all sequences (i); (j), we will obtain a de Bruijn Torus. This idea, and variations on it, lie at the heart of our proof of Theorem 3.
Proof of Theorem 3: Suppose that m > n 2. We consider three cases, depending on the parities of m and n.
We begin with the simplest case in which n is even (and m has either parity). Let (0); : : : ; (n . If j is odd, then we take A j = ( j ) 1 . Notice that that we alternate the use of 0-and 1-punctures, so any pair of consecutive columns of A are coprime. Because n is even, the nal column A n 4 1 is equal to ( n 4 1 ) 1 . Thus column A n 4 1 and column A 0 are also a coprime pair.
We claim that A is an (m In the second case we assume that m is even and n is odd. We will construct an (n In the third and most complex case we have both m and n odd (so m > n 3). We can no longer use alternating punctures to build the columns of our array (as in the rst two cases above) because the last and rst columns would never be coprime. We use the PF of Corollary 13 to deal with this problem. Let , of period n 4 , and (i) (0 i < m ; 2; 2) 2 c n -dBT. In view of the above discussion, it su ces to note that using the doubled de Bruijn sequence in the way indicated guarantees that all the speci ed pairs of columns do appear. (i) has period S. Next, we de ne a T-set of R S arrays A(i; j). In case i), we have 0 i < 1 and 0 j < T, while in case ii), we have 0 i < T v 1 =S and 0 j < R v 1 . In either case, we take column k of array A(i; j) to be the sequence E (j) k ( ( (i) k )). The proof that the set of arrays A(i; j) is a PF with the required parameters is omitted, but as we have already intimated, can be constructed along the lines of the proof of 18, Theorem 6.1], for example. 
